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FRAMES ON KREIN SPACES
SHIBASHIS KARMAKAR1 AND SK. MONOWAR HOSSEIN2∗
Abstract. In this article we define frame for a Krein space K with a J-
orthonormal basis and extend the notion of frame sequence and frame poten-
tial analogous to Hilbert spaces.We show that every frame is a sum of three
orthonormal bases of a Krein space. We also find relation between frame and
orthogonal projections on Krein space.
1. Introduction and preliminaries
Let H be a real or complex Hilbert space. A sequence {fn : n ∈ N} is said
to be a frame for Hilbert space H if there exists positive reals A and B s.t.
A‖f‖2 ≤ ∑n∈N |〈f, fn〉|2 ≤ B‖f‖2 for all f ∈ H . Frame for Hilbert spaces was
defined by Duffin and Schaeffer [1] in 1952 to study some problems in nonharmonic
Fourier series. But Daubechies et. al.[2] published a landmark paper in 1986
in this direction, working on wavelets and signal processing. After the work,
the theory of frames begun to be more widely studied. Powerful tools from
Operator theory and Banach space theory were being introduced to study Frames
in Hilbert spaces and it produced some deep results in Frame theory. Many
researchers studied frame in different aspects and applications [3, 4, 5, 6]. Krein
space theory [7] is rich in application among the many areas of Mathematics. In
the year 2011, J. I. Giribet et. al.[8] introduced frame in Krein spaces which is
known as J-frames. But according to their definition, every spanning set of finite
dimensional krein space K need not be a J-frame for K which is a drawback,
as in finite-dimensional Hilbert spaces, each spanning set is a frame. So it is
desirable to introduce a new definition which will solve the above shortcomings
of the definition of [8]. Recently K. Esmeral et. al. ([9]) defined frames in more
general setting in Krein spaces. According to their definition a countable sequence
{fn}n∈N in K is called a frame for K , if there exist constants 0 < A ≤ B < ∞
such that A‖f‖2J ≤
∑
n∈N |[f, fn]|2 ≤ B‖f‖2J for all f ∈ K . But the definition
involves fundamental symmetry of the Krein spaceK which is not unique. In this
paper we have defined frame in Krein spaces which is more suitable in application
purposes i.e. we can study all the relevant properties of Frames, like Hilbert
spaces.
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2. Motivation and Basic DefinitionS
Let K be a Krein space and {ej}∞j=1 be a countable J-orthonormal basis for
K . Let K+ = {span{ei} : 〈 ei, ei〉 = 1} and K− = {span{ei} : 〈 ei, ei〉 = −1}.
Then K+ is a maximal uniformly J-positive subspace i.e. a Hilbert space and
K
− is a maximal uniformly J-negative subspace i.e. an anti-space of a Hilbert
space. So we have K = K+(+˙)K− i.e. a fundamental decomposition of K .
Before we define frame for Krein space, we will look the following definition for
our motivation.
Example 2.1. Consider the Krein space R3 over R, where the inner product
is given by 〈 e1, e1〉 = 1, 〈 e2, e2〉 = 1, 〈 e3, e3〉 = −1, 〈 e1, e2〉 = 0, 〈 e2, e3〉 =
0, 〈 e3, e1〉 = 0 (where {e1, e2, e3} be the standard basis for R3).
Now F = {(1, 0, 1√
2
), (0, 1, 1√
2
), (0, 0, 1)} is a spanning set of R3. Hence it is a
frame for the associated Hilbert space R3. But F is not a J-frame.
Example 2.2. Consider the vector space ℓ2(N) over R. Let x = (α1, α2, . . .),
y = (β1, β2, . . .) ∈ ℓ2,
we define 〈x, y〉 = α1β1 − α2β2 + α3β3 − α4β4 . . .
Then (ℓ2, 〈·〉) is a Krein space with fundamental symmetry J1 : ℓ2 → ℓ2 de-
fined by J1(α1, α2, . . .) = (α1,−α2, . . .), but we can define another fundamental
symmetry J2 on (ℓ
2, 〈·〉) s.t. J2 : ℓ2 → ℓ2 defined by J1(α1, α2, α3, α4, . . .) =
(2α1 −
√
3α2,
√
3α1 − 2α2, α3,−α4, . . .). Now according to the definition given
by K. Esmeral et. al. [9], the sequence {en : n ∈ N} is a frame for the triple
(ℓ2, 〈·〉, J1) with frame bound A = B = 1, but if we consider the triple (ℓ2, 〈·〉, J2),
then the sequence {en : n ∈ N} is not a frame with frame bound A = B = 1.
So the definition given in [9] takes away some important geometries of Parseval
frame.
Motivating by the above example, we define frame in the following manner.
Definition 2.3. A sequence {fn : n ∈ N} in K is said to be a frame for K if
{f+n : n ∈ N} and {f−n : n ∈ N} are frames for K+ and K− respectively.
In mathematical terms A sequence {fn : n ∈ N} in K is said to be a frame for
K if the following inequalities are satisfied
A1〈x+, x+〉 ≤
∑
n∈N
|〈x+, f+n 〉|2 ≤ B1〈x+, x+〉 (2.1)
A2〈x−, x−〉 ≤
∑
n∈N
|〈x−, f−n 〉|2 ≤ B2〈x−, x−〉 (2.2)
where 〈·〉 is the inner product of the Krein space and B2 ≤ A2 < 0 < A1 ≤ B1
are real numbers. Also x+, f+n ∈ K+ and x−, f−n ∈ K− respectively ∀ n ∈ N.
The frame theory of an anti-Hilbert space is same as the frame theory of Hilbert
space except a change in sign in the inner product of the anti-Hilbert space. So
in definite inner product space, when we say that a sequence is a frame for that
space, then we mean that the sequence is a frame for that space in Hilbert space
sense.
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Definition 2.4. A sequence {fn : n ∈ N} in K is called a tight frame if B2 =
A2 = C(say) and B1 = A1 = D(say) with C = −D and moreover if D = 1, then
the frame is called a Parseval frame.
Before we go further, we give the following example to show that one sequence
may be frame in the sense of Krein space but not in the sense of Hilbert space.
Example 2.5. Consider the vector space R2 over R. Let {e1, e2} be the standard
basis for R2. Define 〈 e1, e1〉 = 1, 〈 e2, e2〉 = −1, 〈 e1, e2〉 = 0. Then R2 is a Krein
space under the above defined inner product. Here {(1, 1)} is a frame for the
Krein space R2. But {(1, 1)} is not a frame for the associated Hilbert space,
because {(1, 1)} is not a spanning set of R2.
Theorem 2.6. Every spanning set in a finite-dimensional Krein space is a frame
for that space.
Proof. Let K be a finite dimensional Kreain space and {fk}mk=1 be a spanning set
in K .We want to show that {fk}mk=1 is a frame for K .
Let {ei}ni=1 be a J-orthonormal basis for K , where n is the dimension of K . Then
by the above J-orthonormal basis we haveK = K+(+˙)K− whereK+ is a Hilbert
space and K− is a anti-space of a Hilbert space. Let B1 = ‖f+1 ‖2J + . . .+ ‖f+m‖2J
and B2 = −(‖f−1 ‖2J+ . . .+‖f−m‖2J). Then the upper frame conditions are satisfied.
Now consider the function φ1 : K
+ → R defined by
φ1(f
+) =
m∑
k=1
|〈f+, f+k 〉|2,
where f ∈ K , f+ ∈ K+ and f− ∈ K−. Obviously, φ1 is a continuous function.
Consider the set S1 = {
∑m
k=1 |〈f+, f+k 〉|2; f+ ∈ K+, and ‖f+‖ = 1}.
Let
A1 :=
m∑
k=1
|〈g+, f+k 〉|2 = inf S1 where g+ ∈ K+ and ‖g+‖ = 1.
It is clear that A1 > 0 and, we have
∑m
k=1 |〈f+, f+k 〉|2 ≥ A1‖f+‖2, ∀f+ ∈ K .
Again, as K− is the anti-space of a Hilbert space, so the inner product on K−
denoted by 〈·〉′ and defined as 〈x, y〉′ = −〈x, y〉, where x, y ∈ K−, turns K− into
a Hilbert space. Since the topology induced by the indefinite inner product on
the Krein space is a majorant topology, so the intrinsic norm will be invarianted
under the above transformation.
Now set S2 = {
∑m
k=1 |〈f−, f−k 〉|2; f− ∈ K−, and 〈 f−, f−〉 = −1}
Then as above we have A2 < 0 such that
m∑
k=1
|〈f−, f−k 〉|2 ≥ A2〈 f−, f−〉 ∀f− ∈ K−.
So the lower frame conditions are satisfied. Hence the proof. 
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2.1. Representation of elements w.r.t. given frame. Let {fn}∞n=1 be a
frame for the Krein space K which may be real or complex. With respect to
a given J-orthonormal basis we have K = K+(+˙)K− where K+ and K− are
Hilbert space and an anti-space of a Hilbert space respectively. So {f+n }∞n=1
is a frame for the Hilbert space K+ and {f−n }∞n=1 is a frame for the Hilbert
space (K−, 〈 . 〉′) (i.e. w.r.t. the new inner product). Let S1 and S2 be the
corresponding frame operators, then we have
S1(f
+) =
∞∑
n=1
〈f+, f+n 〉f+n , ∀ f+ ∈ K+
and S2(f
−) =
∞∑
n=1
〈f−, f−n 〉′f−n , ∀ f− ∈ K−.
So for a given f ∈ K and {fn}∞n=1 which is a frame forK we have a representation
for f i.e.
f =
∞∑
n=1
〈f+, S−11 f+n 〉f+n −
∞∑
n=1
〈f−, S−12 f−n 〉f−n .
3. Main results
3.1. General Properties. In Hilbert space frame theory, every frame is a sum
of three orthonormal bases [10]. We show a similar result in Krein space frame
theory.
Theorem 3.1. Assume that K is a complex Krein space and that {fk}∞k=1 is a
frame for K with pre-frame operators T+ and T−. Then, for every ǫ ∈ (0, 1)
there exist three J-orthonormal bases {e1k}∞k=1, {e2k}∞k=1 and {e3k}∞k=1 for K s.t.
f =
1
1− ǫ{‖T
+‖J(e+k 1 + e+k 2 + e+k 3) + ‖T−‖J(e−m1 + e−m2 + e−m3)} ∀ k,m ∈ N
Proof. Let {ek}∞k=1 denote a J-orthonormal basis for K and let {δk}∞k=1 be the
cannonical orthonormal basis for ℓ2(N). Composing the pre-frame operator for
{f+k }∞k=1 with the isometric isomorphism from K+ to ℓ2(N) which maps e+k to
δk (here e
+
k = ek if 〈ek, ek〉 = 1, and e−k := ek, if 〈ek, ek〉 = −1, ), we obtain a
bounded linear operator of K+ onto K+ (we consider K+ as a Hilbert space i.e.
w.r.t. the intrinsic topology), which maps e+k to f
+
k , we denote it by T
+. Now
for a given ǫ ∈ (0, 1), consider the operator
U+ : K+ → K+, where U+ = 1
2
I +
1− ǫ
2
T+
‖T+‖J .
Then U+ is invertible and we can write U+ = V +P+, where V + is unitary and
P+ is a positive operator.
Observe that, ‖P+‖J < 1.
The expression for T+ is
T+ =
‖T+‖J
1− ǫ (V
+W+ + V +W+
∗ − I)
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It follows from here that,
f+k =
‖T+‖J
1− ǫ (e
+
k
1
+ e+k
2
+ e+k
3
). (3.1)
Similarly composing the pre-frame operator for {f−k }∞k=1 with the isometric iso-
morphism from K− to ℓ2(N) which maps e−m to δm (here e
−
k = ek : 〈ek, ek〉 = −1),
we obtain a bounded linear operator of K− onto K− (we consider (K−, 〈·〉′) as
a Hilbert space i.e. w.r.t. the intrinsic topology), which maps e−k to f
−
k , and we
denote it by T−. For a given ǫ ∈ (0, 1), consider the operator
U− : K− → K−, U− = 1
2
I +
1− ǫ
2
T−
‖T−‖J .
Since ‖I −U−‖J < 1, so U− is invertible and we have U− = V −P−, where V − is
unitary when K− is considered as a Hilbert space and P− is a positive operator.
Following the same arguments as above, we have
f−m =
‖T+‖J
1− ǫ (e
−
m
1
+ e−m
2
+ e−m
3
). (3.2)
So by (3.1) and (3.2) we have our desire result. 
Orthogonal projections play a special role in many contexts. We state a rela-
tionship between frames and orthogonal projections [3].
Theorem 3.2. Let K be a Krein space with fundamental symmetry J , and let P
be an orthogonal projection commuting with J .
If {fn}n∈N is a frame for K with frame bounds B2 ≤ A2 < 0 < A1 ≤ B1, then
{Pfn}n∈N is a frame for PK and {(I − P )fn}n∈N is a frame for (I − P )K, both
admitting the same frame bounds.
Conversely, if {fn}n∈N is a frame for PK and {gn}n∈N is a frame for (I−P )K,
both with frame bounds B2 ≤ A2 < 0 < A1 ≤ B1, then {fn}n∈N
⋃ {gn}n∈N is a
frame for K admitting the same frame bounds.
Proof. Since P commutes with J , the subspaces PK and (I − P )K are Krein
spaces with fundamental symmetry PJ and (I−P )J , respectively. Since {fn}n∈N
is a frame for K with frame bounds B2 ≤ A2 < 0 < A1 ≤ B1 and with funda-
mental symmetry J ,
We have,
∑
n∈N
|〈Px+, f+n 〉|2 =
∑
n∈N
|〈x+, P f+n 〉|2
and ∑
n∈N
|〈Px−, f−n 〉|2 =
∑
n∈N
|〈x−, P f−n 〉|2
So from the above two equations we conclude that {Pfn}n∈N is a frame for PK .
The same remains true for P replaced by (I − P ). Hence the result.
For the converse, let {fn}n∈N and {gn}n∈N be two frames satisfying the assump-
tions stated in the proposition. For k ∈ K , set k1 := Pk and k2 := (I − P )k.
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Note that,
〈k+, f+n 〉 = 〈k+, P f+n 〉 = 〈Pk+, f+n 〉 = 〈k+1 , f+n 〉
Similarly
〈k−, f−n 〉 = 〈k−1 , f−n 〉, 〈k+, g+n 〉 = 〈k+2 , g+n 〉, 〈k−, g−n 〉 = 〈k−2 , g−n 〉
From PJ = JP , it follows that,
〈k+1 , k+1 〉+ 〈k+2 , k+2 〉 = 〈k+, k+〉 and 〈k−1 , k−1 〉+ 〈k−2 , k−2 〉 = 〈k−, k−〉
Now from the above equations we have our desired result. 
3.2. Frame sequences and their properties. Frame sequence in a Hilbert
space H is a well known concept. S.K.Kaushik et. al.[11] published a paper in
the year 2008 to show some important properties of frame sequences. We will
show that the results they found also holds for frames in Krein Spaces.
Now let K be a Krein space.
Definition 3.3. A sequence {fn : n ∈ N} in K is said to be a frame sequence if
{f+n : n ∈ N} is a frame for [f+n ] and {f−n : n ∈ N} is a frame for the anti-Hilbert
space [f−n ] respectively. ( where [f
+
n ] and [f
−
n ] denotes the closed linear span of
{f+n } and {f−n } respectively w.r.t. the intrinsic topology )
Definition 3.4. A frame {fn} in K is called exact if removal of an arbitrary fn
renders the collection {fn} no longer a frame for K .
Definition 3.5. A frame {fn} in K is called near exact if it can be made exact
by removing finitely many elements from it.
Also a near exact frame is called proper if it is not exact.
Theorem 3.6. Let {fn} be any frame of K and let {mk} and {nk} be two infinite
increasing sequence of N with {mk} ∪ {nk} = N. Also let {fmk} be frame for K.
Then {fnk} is a frame for K if there exist bounded linear operators S1 and S2
s.t.,
S1 : ℓ
2(N)→ ℓ2(N) defined by S1{〈 f+nk , f+〉} = {〈 f+mk , f+〉},
and
S2 : ℓ
2(N)→ ℓ2(N) defined by S2{〈 f−nk , f−〉} = {〈 f−mk , f−〉}.
The converse is true only if both {fmk}, {fmk} are Parseval frames.
Proof. (⇒) Since {fmk} is a frame for K , let A1 and A2 be lower bounds of the
frames {f+mk} and {f−mk} respectively. Now we have,
∑
|〈 f+nk , f+〉|2 ≥
∑ |〈 f+mk , f+〉|2
‖S1‖ ≥
A1
‖S1‖‖f
+‖2.
Similarly we also have,
∑
|〈 f−nk , f−〉|2 ≥
∑ |〈 f−mk , f−〉|2
‖S2‖ ≥
A2
‖S2‖‖f
−‖2.
Hence {fnk} is also a frame for K .
(⇐) Conversely, let {fnk} be an Parseval frame forK . Then let the synthesis and
analysis operators for K+ be T+1 and (T
∗
1 )
+ respectively and the same for K−
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be T−1 and (T
∗
1 )
−. Also, since {fmk} is a frame for K , there exist operators T+2
and (T ∗2 )
+ for K+ and there exists operators T−2 and (T
∗
2 )
− for K−. Then S1 =
(T ∗2 )
+T+1 : ℓ
2(N)→ ℓ2(N) is a bounded linear operator such that S1{〈 f+nk , f+〉} =
{〈 f+mk , f+〉}, and S2 = (T ∗2 )−T−1 : ℓ2(N) → ℓ2(N) is a bounded linear operator
such that S2{〈 f−nk , f−〉} = {〈 f−mk , f−〉}. 
Theorem 3.7. Let {fn} be any frame for K and let {mk}, {nk} be two infinite
increasing sequences with {mk} ∪ {nk} = N. Let K′ = [fmk ] ∩ [fnk ].
If K′ is a finite dimensional space, then {fmk} and {fnk} are frame sequences for
K.
Proof. Let {lk} be any finite subsequence of {nk} such that K ′ = [flk ]. Let {flk}
be a frame for K ′ and B′2 < A
′
2 < 0 < A
′
1 < B
′
1 be the bounds of the frame {flk}.
Consider {fnk}. Let f ∈ [fnk ] be any element. Now, if f ⊥ K ′, then∑ |〈 f+, f+n 〉|2 =
∑ |〈 f+, f+nk〉|2 ≥ A1‖f+‖2 (here A1 > 0)∑ |〈 f−, f−n 〉|2 =
∑ |〈 f−, f−nk〉|2 ≥ A2〈 f−, f−〉 (here A2 < 0)
Also, if f ∈ K ′ then∑ |〈 f+, f+nk〉|2 ≥
∑ |〈 f+, f+lk 〉|2 ≥ A′1‖f+‖2∑ |〈 f−, f−nk〉|2 ≥
∑ |〈 f−, f−lk 〉|2 ≥ A′2〈 f−, f−〉
Otherwise, we have
f+ =
∑
αkf
+
nk
= (f+)′ + (f+)′′, and f− =
∑
αkf
−
nk
= (f−)′ + (f−)′′,
here i ∈ {nk} − {lk}, j ∈ {lk} and f ′ ⊥ K ′ and f ′′ ∈ K ′.
Thus,∑ |〈 f+, f+nk〉|2 =
∑ |〈 f+, f+i 〉|2 +
∑ |〈 f+, f+j 〉|2, i ∈ {nk} − {lk}, j ∈ {lk}
=
∑ |〈 (f+)′, f+i 〉|2 +
∑ |〈 (f+)′′, f+j 〉|2
≥ A1‖(f+)′‖2 + A′1‖(f+)′′‖2
≥ min{A1
2
,
A′1
2
}‖f+‖2
Similarly we have,∑ |〈 f−, f−nk〉|2 ≥ min{A22 ,
A′
2
2
}〈 f−, f−〉.
Hence {fnk} is a frame sequence. Similarly we can show {fmk} is also a frame
sequence.

Theorem 3.8. Let {fn} be a frame for K with optimal bounds B2 < A2 < 0 <
A1 < B1 such that fn 6= 0 ∀ n ∈ N. If for every infinite increasing sequence
{nk} ∈ N, {fnk} is a frame sequence with optimal bounds B2 < A2 < 0 < A1 <
B1, then {fn} is an exact frame.
Proof. Suppose {fn} is not exact. Then there exists an m ∈ N such that
f+m ∈ [f+i ]i 6= m and f−m ∈ [f−i ]i 6= m. Let {nk} be an increasing sequence given by
nk = k, k = 1, 2, . . . , m− 1 and nk = k + 1, k = m,m+ 1, . . .. Since {fnk} is a
frame for K with bounds B2 < A2 < 0 < A1 < B1,
A1‖f+‖2 ≤
∑
n 6=m
|〈 f+, f+n 〉|2 ≤ B1‖f+‖2
and A2〈 f−, f−〉 ≤
∑
n 6=m
|〈 f−, f−n 〉|2 ≤ B2〈 f−, f−〉.
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Therefore, by frame inequality for the frame {fn}, |〈 f+, f+m〉|2 = 0 ∀ f+ ∈ K+.
This gives f+m = 0. Similarly we can have f
−
m = 0 i.e. fm = 0 which is a
contradiction.
The proof is complete. 
3.3. Frame Potential. In 2001, John Benedetto and Matthew Fickus [12] devel-
oped a theoretical notion of Frame potential, which is analogue to the potential
energy in Physics [13]. The frame potential of a collection of vectors must be
a scaler quantity derived from the inner products between the vectors. In this
section we define the frame potential for a collection of unit vectors in Krein space
K , similar to what had been done for frames in Hilbert space theory.
Definition 3.9. Let K be a Krein space of dimension n. Let F = {fi}ki=1 be a
collection of vectors in K s.t. ‖fi‖J = 1 ∀ i = 1, 2, ... The frame potential for F
is the quantity PF =
∑k
i=1
∑k
j=1(|〈 f+i , f+j 〉|2 + |〈 f−i , f−j 〉|2).
Lemma 3.10. Let F = {fi}ki=1 be a tight frame of unit vectors in the Krein space
K of dimension n. Then the frame potential PF of F is
k2
n
.
Proof. If {fi}i=1 is a tight frame of unit vectors on an n-dimensional Krein space
K , then the frame bound satisfies
B2 = A2 = C = −k
n
and B1 = A1 = D =
k
n
.
Hence,
∑
(
∑
|〈 f+i , f+j 〉|2 +
∑
|〈 f+i , f+j 〉|2) =
∑
(
k
n
〈 f+i , f+i 〉 −
k
n
〈 f−i , f−i 〉)
=
k2
n
.

Theorem 3.11. The minimum value of the frame potential for a set of k(≥ n)
unit vectors F = {xi} in an n-dimensional Krein space is k2n . This minimum is
attained exactly when the vectors form a tight frame for K.
Proof. From the preceding lemma, we know that if F is a tight frame then its
associated frame potential is k
2
n
. It remains to be shown that k
2
n
is a lower bound
on the set of achievable frame potentials among such collection F , and that every
collection attaining this lower bound is a tight frame.
Let S1 and S2 be the frame operator for F = {xi} and let λ+1 , . . . , λ+n and
λ−1 , . . . , λ
−
n be the two sets of eigenvalues of S1 and S2 respectively, count-
ing multiciplity. Given θ1 and θ2 the analysis operators of F , the Grammian
operator is G1 = θ1θ
∗
1 and G2 = θ2θ
∗
2. The matrix G1
2 has diagonal entries
dii =
∑ |〈 x+i , x+j 〉|2 and the matrix G22 has diagonal entries d2jj =
∑ |〈 x−j , x−i 〉|2.
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So we see that the frame potential
PF = tr(G
2
1) + tr(G
2
2)
= tr(S21) + tr(S
2
2)
=
∑
λ+i
2
+
∑
λ−i
2
=
∑
(λ+i
2
+ λ−i
2
).
So we have to minimize the quantity
∑
(λ+i
2
+ λ−i
2
) subject to the constraint∑
(λ+i + λ
−
i ) = k
(The diagonal elements of the Grammian matrix G1 and G2 are squared norms
‖x+i ‖2 and ‖x−i ‖2 respectively)
By letting x = (λ+1 , . . . , λ
+
m, λ
−
1 , . . . , λ
−
k−m) and y = (1, . . . , 1, . . . , 1) we have,
k = |〈 x, y〉| ≤ ‖x‖‖y‖ = √PF
√
n.
where the equality holds iff x is in the span of y. Therefore, the frame potential
PF has minimum value
k2
n
which is attained iff the eigenvalues are all equal in
absolute value i.e. λ+i =
k
n
and λ−i =
k
n
. So S1 =
k
n
I and S2 =
k
n
I, hence F is a
tight frame for K .  
Definition 3.12. Let K be a Krein space of dimension n. Let F = {fi}Ni=1 be
a collection of unit vectors in K , then the sequence F is said to be a FF-critical
sequence if the following equations are satisfied
S1(f
+
i ) = λ
+
i f
+
i and S2(f
−
i ) = λ
−
i f
−
i
where S1 and S2 are bijective, self-adjoint and positive operator described before.
Also λ+i , λ
+
i ∈ R.
Theorem 3.13. A finite sequence of unit vectors {fn} is FF-critical in a Krein
space K iff both the sequences {f+n } and {f−n } may be partitioned into a collection
of mutually orthogonal sequences, each of which is a tight frame for its span.
Furthermore, the partition to be chosen explicitly to be {Eλ+} and {Eλ−}, where
Eλ+ = {f+n : S1f+n = λ+f+n } and Eλ− = {f+n : S2f−n = λ−f−n }. Also the frame
constant of Eλ+ is λ
+ and that of Eλ− is λ
− and the spans of the {Eλ+} and
{Eλ−} are precisely the non-zero eigenspaces of S1 and S2 respectively.
Proof. (⇒) Assuming {fn} is a FF-critical sequence, define Eλ+ = {f+n : S1f+n =
λ+f+n }. Since each f+n is in one of the Eλ+ by assumption, then {Eλ+} is a parti-
tion of {f+n }. Similarly {Eλ−} is a partition of {f−n }. To show that the members
of {Eλ+} are mutually orthogonal, take any f+n1 , f+n2 in Eλ+1 , Eλ+2 , respectively.
Since S1 is self-adjoint, so λ
+
1 6= λ+2 implies 〈f+n1, f+n2〉 = 0. By similar arguments
we can show that the members of {Eλ−} are also mutually orthogonal.
To show that Eλ+
1
is a finite tight frame for spanEλ+
1
with frame constant
λ+1 , take any y
+ ∈ spanEλ+
1
. Then S1y
+ = λ+1 y
+, and so 〈y+, f+n 〉 = 0 for any
f+n 6= Eλ+
1
. Thus, letting Sλ+
1
denote the frame operator for the Bessel sequence
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Eλ+
1
, we have
Sλ+
1
y+ =
∑
f+n ∈E
λ
+
1
〈y+, f+n 〉f+n
=
∑
n
〈y+, f+n 〉f+n
= S1y
+
= λ+1 y
+
By similar arguments we can also show that Eλ−
1
is also a finite tight frame for
the spanEλ−
1
with frame constant λ−1 .
(⇐) Now assume that {fn} is a normalized sequence s.t. {f+n } and {f−n } both
partitioned into a collection of mutually orthogonal sequences, each of which is a
tight frame for its span. Denote the partitions by {Eγ+}γ+∈I+ and {Eγ−}γ−∈I−,
where I+ and I− are appropriate index set. Take any f+m ∈ Eγ+ , where Eγ+ is
a finite tight frame for its span with frame constant γ+ and the frame opera-
tor S1γ+ . Then since f
+
m ∈ spanEγ+ , and since 〈f+m, f+n 〉 = 0 for f+n /∈ Eγ+ by
assumption, we have
γ+f+m = S1γ+f
+
m
=
∑
f+n ∈E
λ
+
1
〈f+m, f+n 〉f+n
=
∑
n
〈f+m, f+n 〉f+n
= S1f
+
m.
Thus each f+m is an eigenvalue for S1.
Similarly, we can show that each f−m is an eigenvector of S2, and therefore {fn}
is a FF-critical sequence.  
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